Abstract: We prove three best proximity point theorems by using the concept of contractive conditions introduced by Boyd and Wong. These results are generalizations of the corresponding ones recently proved by Sadiq Basha, Fernádez-León, and Sankar Raj.
Introduction
Let A and B be nonempty subsets of a metric space (X, d) and T : A → B be a mapping. The problem of finding a best proximity point of T is to find a point x ∈ A such that d(x, T x) = inf{d(a, b) : a ∈ A, b ∈ B} := d(A, B). In particular, if d(A, B) = 0, then a best proximity point of T is nothing but a fixed point of T .
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In the same way as the study and development of fixed point theory, the theory of best proximity points have been extensively investigated (see [1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 14, 15, 16] ).
In the literature, many best proximity point theorems have been proposed from various approaches. To ensure the existence of a best proximity point, some certain conditions are imposed on mappings T and on the sets A and B.
In this paper, we consider the problem of finding a best proximity point of T : A → B with respect to a mapping g : A → A, that is, we find a point x ∈ A such that d(gx, T x) = d(A, B).
Obviously, if g is the identity mapping, then this problem reduces to the original problem. Our results are inspired by the results in [5] and [13] . We study the very general contraction condition introduced by Boyd and Wong [4] . Hence we simultaneously generalize the corresponding theorems of Fernádez-León [5] and of Basha [13] . Moreover, we also obtain the recent result of Sankar Raj [6] . Let us summarize here their results. Recall that 
Then the followings hold:
1. There is a unique element 
and preserves isometric distance with respect to g, that is, for all x, y ∈ A
Then the followings hold: and it is a generalized proximal contraction of the second kind, that is,
If there is another element
where
) is continuous and nondecreasing such that ϕ vanishes only at zero, and lim t→∞ ϕ(t) = ∞ and T preserves the isometry distance with respect to g;
(C5d) A, B are closed.
1. There is a unique element
Main Result
In this section, we assume that A and B are nonempty subsets of a metric space (X, d) and ψ : [0, ∞) → [0, ∞) is upper semicontinuous from the right, ψ(t) < t for all t > 0 and ψ(0) = 0. We use the following notations throughout this paper:
d(A, B) := inf{d(x, y) : x ∈ A and y ∈ B},
Definition 5. A mapping T : A → B is said to be
• a Boyd-Wong proximal contraction of the first kind (BW1, for short) if, for all u, v, x, y ∈ A,
• a Boyd-Wong proximal contraction of the second kind (BW2) if, for all u, v, x, y ∈ A, Since ψ(t) < t for all t > 0, we have d(x, y) = 0, that is, x = y.
(2) Let us assume that T is a BW2 and preserves the isometry distance with respect to g. By assumption, we obtain
Since ψ(t) < t for all t > 0, we have d(T x, T y) = 0, that is, T x = T y. 
where u, v, x, y ∈ A. Let g : A → A be an isometry such that A 0 ⊂ g(A 0 ).
Then the followings hold:
(1) For a fixed element x 0 ∈ A 0 , we can construct an iterative sequence
If x n → x for some x ∈ A and there exists a sequence {n k } ⊂ {n} such that T x n k → y for some y ∈ B, then x ∈ A 0 and hence d(gx, T x) = d (A, B) . A, B) . By induction, we obtain a sequence {x n } ⊂ A 0 such that d(gx n+1 , T x n ) = d(A, B) for all n ≥ 0.
(2) We assume that x n → x for some x ∈ A 0 . Since T x ∈ T (A 0 ) ⊂ B 0 and A 0 ⊂ g(A 0 ), there exists z ∈ A 0 such that d(gz, T x) = d (A, B) . By the property of T , we have d(gz, gx n+1 ) ≤ d(x, x n ). Since g is an isometry, d(gz, gx n+1 ) = d(z, x n+1 ). Hence for each n ≥ 1,
As n → ∞, we obtain that x n+1 → z and hence z = x. This implies that d(gx, T x) = d(A, B).
(3) We assume that x n → x for some x ∈ A and there exists a sequence {n k } ⊂ {n} such that T x n k → y for some y ∈ B. Since g is an isometry, we have gx n k +1 → gx. So we obtain
B).
Therefore gx ∈ A 0 . Since gx ∈ A 0 ⊂ g(A 0 ), there is z ∈ A 0 such that gz = gx. In particular, d(x, z) = d(gx, gz) = 0. Hence x = z ∈ A 0 .
We are now ready to prove our first main result for BW1. Proof. Let x 0 ∈ A 0 . By Lemma 7 (1), we obtain a sequence {x n } ⊂ A 0 such that
for all n ≥ 0. Put c n := d(x n , x n−1 ). Due to (C1) and (C4), we get
for all n ∈ N. So c n → c + for some c ≥ 0. To show that c = 0, we suppose that c > 0. Since c n+1 ≤ ψ(c n ) for all n ∈ N,
which is a contradiction. So c = 0. Claim: {x n } is a Cauchy sequence. Otherwise, there exist ε > 0 and two sequences {m k } and {n k } such that
which is a contradiction. Hence {x n } is a Cauchy sequence in A 0 . So we have the claim. Because {x n } is a Cauchy sequence in A 0 and (C5) holds, so we may assume that x n → x for some x ∈ A 0 . By Lemma 7 (2), we obtain d(gx, T x) = d (A, B) . For the uniqueness, it follows from Lemma 6 (1).
Remark 9.
1. Theorem 3.1 of [5] (see Theorem 1) follows from our Theorem 8 if we set ψ(t) = αt for all t ∈ [0, ∞).
2. Theorem 3.6 of [13] (see Theorem 3) follows from our Theorem 8 if we set ψ(t) = t − ϕ(t) for all t ∈ [0, ∞). Furthermore, it is assumed there that B is approximatively compact with respect to A. As mentioned in [5] , if A and B are closed and B is approximatively compact with respect to A, then A 0 is closed.
Remark 10. The conclusion of Theorem 8 remains true if we assume that T is continuous and A is closed in place of (C5). Hence we can deduce the recent result of Sankar Raj (see [6, Theorem 3.1] ). In fact, the weak contraction in sense of Sankar Raj and the P-property imply BW1. It is noted that, in general, BW1 does not imply the continuity (see [5, Example 2.6] ).
Next, we prove our second main result for BW2. 
If there is another element
Proof. Let x 0 ∈ A 0 . By Lemma 7 (1), we get a sequence {x n } ⊂ A 0 such that
for all n ≥ 0. Put e n := d(T x n , T x n−1 ). By (C4*), we have
for all n ∈ N. So we get e n → e + for some e ≥ 0. To show that e = 0, we suppose e > 0. Since e n+1 ≤ ψ(e n ) for each n ∈ N, e ≤ lim sup n→∞ ψ(e n ) ≤ ψ(e) < e which is a contradiction. Hence e = 0. Claim: {T x n } is a Cauchy sequence. Otherwise, there exist ε > 0 and two sequences {m k } and {n k } such that
which is a contradiction. Therefore we obtain that {T x n } is a Cauchy sequence in T (A 0 ). Hence we have the claim. Since T (A 0 ) is closed, we get T x n → T u for some u ∈ A 0 . By (C2) and
for all n ∈ N. As n → ∞, we obtain T x = T u. Thus d(gx, T x) = d(A, B). The conclusion (2) follows from Lemma 6 (2).
We finally discuss the result whenever T is simultaneously a BW1 and a BW2. It is shown below that we need neither (C5a) of Theorem 8 nor (C5b) of Theorem 11 in this situation. As mentioned in Remark 9, the following conditions (C4e) and (C4f) are weaker than (C4d) and this implies that our Theorem 12 is a generalization of Theorem 4. Proof. By Lemma 7 (1), we get a sequence {x n } ⊂ A 0 such that
for all n ≥ 0. By following the proof of Theorem 8 and 11, we obtain that {x n } and {T x n } are Cauchy sequences. So we may assume that x n → x for some x ∈ A and T x n → y for some y ∈ B. By Lemma 7 (2) and (3), we get d(gx, T x) = d(A, B). The uniqueness follows from Lemma 6 (1).
